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The Reflectivity of a Liquid Crystal Cell
in a Surface Plasmon ExperimentT

G. J. SPROKEL
IBM Research Laboratory, San Jose, California 95193 U.S.A.

( Received May 1, 1980)

This paper provides the mathematical background on which the previous paper entitled: Deter-
mination of the Surface Tilt Angle by ATR, is based. The algebra was considered too lengthy to
be incorporated as an appendix to that paper.

| INTRODUCTION

This paper accompanies the previous paper entitled: Determination of the
Surface Tilt Angle by Attenuated Total Reflection.' It contains the derivation
of the reflectivity matrix on which the calculations were based. The algebra
was considered too lengthy to be incorporated as an appendix to the previous
paper.

The geometry is as follows: A p-polarized beam generates an evanescent
wave in a thin gold film covered with a thin SiO; aligning layer. The aligning
layer controls the alignment of the liquid crystal material such that its director—
the optic axis—is in the plane of polarization. Without a bias field the liquid
crystal layer is homogeneous and the director is parallel to the surface. As a
field is applied the director tilts but remains in the plane of polarization.
Therefore, only the extraordinary ray needs to be considered which greatly
reduces the complexity of the problem.

In the next section we derive the dispersion relations needed in the devel-
opment of the matrix equation in Section IIL.

Il DISPERSION RELATIONS

The coordinate system is defined in Figure 1. Consider p-polarized waves of
the form:

t Presented at the Eighth International Liquid Crystal Conference, Kyoto, July 1980.
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Ex=EY exp i(wt — (ki*x + ki+2))

E; = E" exp i(wt — (ke*x + ki+2))

E,=0. (1)
To distinguish between incident and reflected waves we shall use the super-

scripts + and —, respectively, wherever needed. See Figure 2. The starting
point is the pair of Maxwell's equations:

v ><E=—11'1

c
1 .
VXH=-D 2
c
foru=1.
From (2) and (1)
dE; dE; ) I
=—-H,
az ax c
Ex
X
[+3
L
D, &1
Y E,
z

FIGURE 1 Coordinate system. xy is the surface. xz is plane of polarization. The director L
coincides with the optical axis Dy. a is the tilt angle.
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aH, 1 .
-— _— _Dx
a9z c
= Lp.,

ax c

From geometry in Figure |
D, = e1(Excos a + E; sin a)
D: = e2(—E; sin a + E; cos a)
Di=Dicos a — Dysina
D: = Dy sina + D;cos a
D, = Ex(e; cos’ a + ¢ sin® @) + E.(e; — €) sin a cos a
D = E;(e sin’ a + e cos’ @) + E«(e1 — &) sin a cos a.
Abbreviate (4) to:
D:=A-E.+ B E
D, =C-E;+ B-E..

N/

X z Glass
- (1]

\Ei SE 2 Gold

Y \ E5 SE2 z' §i0,
= 2
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< = 3

\ s JEs 2 Le2

E* E:
'/ .
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4.1

FIGURE 2 Schematic diagram for an ATR experiment on an operational LC cell.
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Substitute (4.1) in (3)

(ﬂ) Hy=k!"E. — ke E:

c
w

—k,+ H, = (_) (C+E;+ B*E)
(4

kI-H,=(3) (A-E:+ B E,). (5)
c
Elimination of H,, E; and E; leads to

2 2
KA+ KA C+ 2k,k:B=(ﬂ) (AC—B’)=(9—) cerer. (6)
¢ (4

3
ka_kx.ﬁi_‘le“z. /(ﬂ) .C— k. )
C C c

Equation (7) is the dispersion relation used for numerical work. However, (6)
can be written in the alternate form:

(ks cos a + k; sin a)’ " (kx sin @ — k: cos @)’ _ (ﬂ)2
c

Solve for k;

€ €
write:
kicosa+ k. sina =k
k:cos a — kresina =k
&€ € c

(8) has the form familiar from the isotropic case.
For the reflected wave the wavefunctions are of the type:

Ex = EY exp i(wt — (kyx — kz*2))
etc. Following the same procedure one arrives at:

ki = ke 2 £ YOO
C

In general the square root will be imaginary. To make the amplitude decay in

the z-direction the — sign is appropriate in (7), the + sign in (9). The relation

(8), written in the principal axis is valid for both incident and reflected wave.

) -C— kL 9)
c
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In the following, relations between H} and Ex and H; and E; are needed.
From (5) and (7) one derives for the incident wave:

_(w). vee | g (10)

- (Y s an

abbreviate

u= (12)

H;=(3)-u-E;. (12a)
C

Note that fora = 0, B = 0and C = ¢; and we recover the familiar expressions

+ w € +
Hy::_';;’ x
Hy ==L E. (13)
c k:

Il REFLECTIVITY OF A MULTILAYERED
BIREFRINGENT MEDIUM

Figure 2 defines the parameters used. Similar schemes are used by Wolter’ and
Heavens.” From boundary conditions at z = zo:
Eox exp — iko:*zo + Eox exp + iko:* 20
= Ei, exp — ikiz*zo + E1x exp + iki:* 20
Hs, exp — ikoz*z0 + Hoy exp + iko:* 2o
= HTy exXp — ikiz*z0 + ny exXp + iki;* 20. (14)
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Eliminate 4} and H, using Eq. (12) and solving for Esx and Ej, one finds:

Ebx exp — iko:* 2o t ¥
2uo

Eox exXp + iko:* 2o Yo —
2uo

Similarly at z = z;:
. +

Elx exp—iklz-zl il “
2u,

Eirexp + ikionf |22
2uy

which is easily transformed to:

. ur + u;
Elx exp — ikiz* 2o
u,
- . U — u
E\ixexp + ik 2o
2u1

Combining (15) and (17)

UOz_ ul Erx exp — ik]z'ZO
o
X (15)
ot |\ g, exp + ik 2o
2u1
ulz_ 21 (e exp — iky: 2,
Uo
X (33)
mtu E>xexp + ikz; 2y
2u,
exp + ikizdi 2 exp + ikidy
u
+
exp — ik\.d u|2 L exp — iki.d,
u

E;x CXp - ikZZ'Zl
X aamn
E3x exp + ika; 2y

Eox exp — ikoz* 2o E3x exp — ik2;" 21
= | M| X | M| X (18)

Eox exp + ikoz* 20

E3x exp + ika; ez

where Mo and M, are the 2 X 2 matrices in (15) resp. (17) and d\ = z, — 2o.

Repeating the process for every interface z3,23, . .

Ea* n=N
= II | Ms| X
Ew) ™

where:

0

. ,ZN One arrives at:

E7v+| exp — ikN+|_;'ZN
(19)
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n + n+ n — Un+
Un T Bl exp + iknstdn 2 exp + ik dy
zun 2un
| M, | =
n — Un+ n + nt+
Un T Unti exp — ikn,z* dn Un T Unri exp — ikn2* dn
2“;1 2un

and
dn = Zp+l T 2Zp and dO = 0

arbitrarily zo = 0.

It is assumed that En+1 = 0, no reflected wave into the stack. Medium 0
(glass prism), medium 1 (gold film) and medium 2 (aligning layer) are opti-
cally isotropic and the functions u are

w=-—— i=0,12.

iz

For all other layers the u/’s are given by Eq. (12). If all e and d’s are known
each matrix is determined and the matrix product can be evaluated. The end
result will again be a 2 X 2 matrix. If this is written as:

M, M2
M3 Mzz‘
then it is seen that
= Eq _ Eo;:z M3,
Es  Ei My’

Eq. (19) is the basis for the calculation of the ATR reflectivity curves in the
previous paper.' Evaluation of all ¢ and d; in succession is discussed there.
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